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1. Introduction 



The Clifford torus and real projective space are both Lagrangian submanifolds 
of complex projective space. The Clifford torus is 

T'^ = { [zo : • • • : z^] E CP^ \ |zol = |zi| = • • • = |zfe| }, 

and real projective space is 

KP'= = { [za:---:zk]ECP'' \ eM}. 

They intersect in the 2^ points [±1 : • • • : ±1]. Two interesting questions to ask 
are the following: Can they be disjoined from each other by Hamiltonian isotopy? 
If not, what is the minimum number of points that they must intersect in? In this 
article we use Lagrangian Floer homology to investigate these questions. The main 
result is 



Theorem 1.1. 



2) 



The Floer chain group is generated by the intersection points of the submanifolds 
and the homology is invariant under Hamiltonian isotopy. Therefore Theorem 1.1 
immediately implies 

Theorem 1.2. MP^"^^ and T^"^^ always intersect in at least 2" points under 
Hamiltonian isotopy. 

Theorem 1.1 is true only in odd dimensions because the Floer homology is not 
defined in even dimensions due to disk bubbling. There is also bubbling in odd 
dimensions, but the disk contributions cancel each other out. It is actually known 
that T*^ and MP*^ cannot be displaced from each other for any k. This has been 
proved, using different methods, in various other papers. See [5], f2l, and [l8] . 

In |15j Oh conjectures that is volume minimizing in its Hamiltonian defor- 
mation class. Due to a Lagrangian Crofton's formula (see [20], [E]), this problem is 
related to intersections of (t>{T^) with ^ • RP'^, for </> a Hamiltonian diffeomorphism 
and ^ e C/(fc + 1). Theorem 1.2 docs not answer the conjecture, but we do get 

Corollary 1.3. For any Hamiltonian diffeomorphism (j), we have 

vol{<j){T^"'-^)) 2" 
woZ(RP2"-i) - 2^' 
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We briefly describe the organization of this article. Section 2 contains an overview 
of Lagrangian Floer homology. We clearly indicate the hypotheses that need to be 
checked for the Floer homology to be well-defined. The verification of some of the 
hypotheses is relegated to Section 5. Readers familiar with Floer homology may 
want to skip to Section 3, where we determine all the Floer trajectories and write 
a formula for the boundary operator. Section 4 contains the computation of the 
homology. In Section 6 we carry out the same calculation for coefficients in the 
Novikov ring A^a- Finally in Section 7 we briefly discuss Corollary 1.3. 

I would like to thank Yong-Geun Oh for many helpful discussions on this topic. 
Much of the exposition in this article is based upon his papers and a series of classes 
he taught on Floer homology. Also, it was through him and the unpublished notes 
of A. Ivanshina that I learned how to do the dimension 3 case. 

2. Lagrangian Floer Homology 

We briefly describe how Floer homology is constructed. See [3], [7], [5], [5], [O] . 
and for the details. We will use only Z2 coefficients until Section 6, so until 
then Z2 will be dropped from the notation. 

Let (M, w) be a compact symplectic manifold, Lq and Li two closed Lagrangian 
submanifolds that intersect transversely, and J a time-dependent almost complex 
structure compatible with ui. The Floer chain group CF{Lq, Li) is the Z2 vector 
space generated (formally) by Lq O Li. A Floer trajectory — or ( J-)holomorphic 
strip — is a map 

u : M X [0, 1] ^ M 

that satisfies 

{^J'^ = + Jt(u)§-^u = 0, 
w(-,0)eLo, 
m(— cx), •) e Lo n Lx,u{+(X), •) e Lo n Li. 

(R X [0, 1] is to be viewed as a subset of C with coordinates s -t- it.) Solutions of 
dju = with top and bottom Lagrangian boundary conditions satisfy the final 
asymptotic condition in ([1]) if and only if the energy of u 

E{u) \dju\^ 

^ J[0,1] xR 

is finite. The space of all holomorphic strips that run fromp G LqOLi to q G LqHLi 
will be denoted A4j{Lo, Li : p,q). Let 

Mj{Lo,Li)^ [j Mj{Lo,Li : p,q). 

p,qeLonLi 

If the linearization Dudj of dj is surjective for every u G Mj{Lo,Li) then each 
Mj{Lot Li : p,q) is a smooth manifold (different components may have different 
dimensions). Let J'^'^s denote the set of all such J. J"^"^^ is a set of the second 
category, and from now on we assume J G J"^"^^ . If u G A^j(-Lo, Li : p, q) then 

dim(T„A^j(Lo, Li : p, q)) = Index(A.9j). 

The index of Dudj is equal to the spectral flow of dj along u, and this in turn is 
an invariant of the homotopy class of u and is equal to fJ.{u), the Maslov index of 
u. 
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If u G A4j{Lq, Li) then u{- + sq, •) is also in Mj{Lq,Li) for any so- In other 
words, there is a natural R action on the space of holomorphic strips. We define 
more spaces by modding out by the R action: 

M.j{La, Li ■.p,q)= Mj{Lo, Li : p, q)/R, 

MjiLo,Li)^MjiLo,Li)/R. 
An isolated trajectories is trajectory u such that the equivalence class [u] is a 
0-dimensional component of Mj[Lo,Li). When no confusion can arise we will 
not distinguish between u and [u\. Let n{p,q) be the mod-2 number of isolated 
trajectories in JV[j[Lq, Li : p,q). The boundary operator 

d:CF{Lo,Li)^CF{Lo,Li) 

is defined by 

d{p) = ^ n{p, q) ■ q. 

Q 

Under certain topological conditions on M, Lq, and Li, Floer proved that = 0. 
Therefore, the Floer homology group 

HF{Lo,Li) = Ker(a)/Im(9) 

is defined. Moreover, he showed that HF{Lo, Li) does not depend upon the choice 
of J e J^'^s, and also that 

iIi^($o(io),*i(ii)) = HF{Lo,Li) 

for any Hamiltonian diffeomorphisms $o and $1. The reason 52 = is that the 
moduli spaces M.j{Lq,Li) can be compactified by adding on broken trajectories. 

counts the number of boundary components of the 1-dimensional part of the 
compactified moduli space, and hence must be zero mod-2. The compactified mod- 
uli spaces will be denoted M.j{Lo, Li : p, q) and Mj{Lo, Li). 

The topological restrictions imposed by Floer do not hold in our present case 
(Lo = RP'', Li = T*^). However, the results of Oh in [13] imply that the Floer 
homology is still defined if k is odd. We cite the relevant theorems after some more 
definitions. 

Let L be a compact Lagrangian submanifold. Two homomorphisms 

:^2(Af,i)^Z, 
: 7r2(Af,L) ^R 

are defined as follows: For each map w : {D'^.dD'^) {M,L), /^(w) is defined to 
be the Maslov number of the bundle pair {w*TM, {w\dD'^)*TL). I^^ is defined by 
luiw) = Jjj2 w*u!. L is called monotone if there exists a constant c > such that 
luj = c - 1^. The minimal Maslov number is defined to be the positive generator 
of Im(/^) C Z. 

Theorem 2.1 ([T3] Theorems 4.4, 5.1). Assume that Lq and Li are monotone La- 
grangian suhmanifolds. Assume further that E^^ > 3 for i = 0, 1 and Im(7ri(Li)) C 
7ri(A/) is a torsion subgroup for at least one of i — 0, 1. Then there exists a dense 
subset J' C J""^^ such that if J & J' then 

(1) d is well-defined, 

(2) 52 = 0, and 

(3) HF(L(j, Li) is independent of J and Hamiltonian isotopy. 
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Statements 1 and 2 are equivalent to compactness of the 0- and 1-dimensional 
parts of A4j{Lq, Li), respectively. The proofs of the theorems in [13 show that 
J7' is the set of J G J'^^s for which the compactness holds. Actually, because only 
the 0- and 1-dimensional components of A4j{Lq,Li) are used to define the Floer 
homology, it is not necessary for J to be in J^^'^^ , but only that Dudj be surjective 
for those u with Maslov index 1 or 2. 

We state some well-know facts about M.P'' and T*^; the proofs can be found in 
[T5] . [13], and [3]. M.P'^ and T'^ are both monotone Lagrangian submanifolds. The 
minimal Maslov number of MP*^ is fc + 1. The minimal Maslov number of T*^ is 2 
for all fc. is Hamihonian isotopic to T\ and HF{RP^,RP'^) ^ (Zz)^- Hence 

we may assume fc > 3, and so the minimal Maslov number of M.P'^ is at least 4. 

Theorem 2.1, therefore, does not directly apply because T*^ has Maslov index 2 
disks. To analyze the problem caused by Maslov index 2 disks we need the following 
theorem about Gromov-Floer compactness (see for example [5]). 

Theorem 2.2. Let Un G A4j{Lo, Li : p,q) be a sequence of holomorphic strips 
with constant Maslov index I and energy E{un) bounded above. Then there exists 
a subsequence converging to the cusp-curve Uqo = {iLiRiIM): where u — {u'l, . . . ,u[) 
is an [i — l)-broken trajectory connecting p to q, v — (wi, . . . , Vj) is a collection of 
holomorphic sphere bubbles, and w = {wi, . . . ,Wk) is a collection of holomorphic 
disk bubbles with boundary lying entirely on Lq or entirely on Li. Furthermore, 

(2) I = J2 M«) + 2 c,{v;TM) + ^^(^f)- 

Ci denotes the first Chern class and /i the Maslov index. 

Note that we abused notation and said u„ G M.j{Lo,Li). Technically, m„ G 
A^j(Lo, Li), and the convergence only holds up to R translation. That is, assuming 
we have already replaced the original sequence with a convergent subsequence, the 
convergence means that there exists sequences G M, 1 < a < i, such that 
-I- s", •) converges to u'^. The convergence is C°° -uniform on every compact 
subset K C M X [0,1] that does not contain any points where disk and sphere 
bubbles attach to u'^. 

Now suppose Un G M.j{Lq,Li : p,q) is a sequence with — 1 for all 

n. Under the assumptions of Theorem 2.1 it is true that all Un have the same 
energy ([13] Proposition 2.7). Theorem 2.2 thus applies and gives a convergent 
subsequence. Monotonicity and regularity imply all the terms on the right-hand 
side of ([2]) are positive. The assumption S^. > 3 then imphes that Uoo consists 
of a single trajectory. That is, a subsequence of zi„ converges to an element of 
Mj{Lo,Li : p,q). Hence the 0-dimensional part of Mj{Lo,Li) is compact — so d 
is well-defined. The same argument works if it is only true that S^. > 2. 

Consider now compactness of the 1-dimensional part of Mj{Lo, Li). Let u„ G 
J\4j{Lo, Li : p, q) be a sequnce with fi(un) = 2. If S^. > 3 then the same argument 
works. More precisely, the 1-dimensional part of A4j{Lo, Li) is compact up to 
splittings into 1-broken trajectories, with each 1-broken trajectory consisting of two 
isolated trajectories. Therefore the boundary components that are added to the 1- 
dimensional part of the compactified moduh space Mj{Lo,Li) consist entirely of 
1-broken trajectories — it follows that = 0. 

If we only assume > 2 then the situtation is more complicated, li p ^ q a, 
similar argument works, li p — q two things can happen: 
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(1) u = 0, w = (vi) with ci(wi) = 1, and = 0, 

(2) u — ^,v — 0, and w = (wi) with ^{wi) — 2. 

In case 1, a sphere bubble wi appears at the point p. A dimension counting 
argument shows that for a dense subset of J^'^s the moduh space of holomorphic 
spheres with one marked point misses the 0-dimensional submanifold Lgl^^i under 
the evaluation map. Hence for these J case 1 cannot occur. 

Case 2 cannot be avoided. In the addendum to [T3] it is noted that each holo- 
morphic disk w : {D^, dD^) — > (M, Li) can be viewed as a boundary component of 
some 1-dimensional component of A4j{Lo^ Li), as long as the linearization D^dj 
is surjective and the evaluation map on the moduli space of disks with one marked 
point is transverse to Lq D Li. In particular, 9^ = no longer follows from the 
compactness of the 1-dimensional part of Mj{Lo, Li), because the boundary com- 
ponents contain elements besides broken trajectories. However, we do have 

where is the number mod-2 of Maslov index 2 disks with boundary on Li 

that pass through p. Therefore, if $o(p) + ^i{p) = then = 0. 

In summary, HF(M.P'', T^) is well-defined, and J can be used to calculate it, if 
and only if the following items hold: 

(1) No J-holomorphic spheres with ci = 1 pass through Lq H Li. 

(2) The evaluation map on the moduli space of J-holomorphic disks with one 
marked point, Maslov index 2, and boundary lying on is transverse to 

(3) If w_: (D^, 91)2) ^ (CP'^^T^) is such a disk then D^dj is surjective. 

(4) Dudj is surjective for all J-holomorphic strips of Maslov index 1 or 2. 

(5) $Rp(= {p)+^T'' (P) = for aU p e MP'' n T''. 

Items 1-4 are true for all k. For item 5, if fc > 2, then $Rpfe(p) = because the 
minimal Maslov number of RP*^ is fc -|- 1. Theorem 3.1 shows that ^T''ip) — k + 1. 
Thus ^KP* (p) + ip) = k + I. This is if and only if fc is odd. (In the fc 1 
case, we actually have RP^ — T^, so $Rpi(p) -I- ^t^{p) =4 = 0.) Therefore, item 
5 holds if and only if k is odd. 

Proposition 2.3. iJP(Mp2"^^, P^"^^) is well-defined and the standard complex 
structure Jq on CP^"^^ can be used to calculate it. 

Proof. (1) follows from Lemma 4.6 in [14 . (2), (3), and (4) will be proved in Section 
5. (5) was discussed prior to the proof. □ 

Henceforth we will use only J — Jq. 

3. Classification of Discs and Floer Trajectories 

The minimal Maslov number of P'^' is 2. A consequence, as explained in Section 2, 
is that some of the boundaries of the 1-dimensional components of the compactified 
moduli space j(RP'', P*^) will consist of Maslov index 2 holomorphic disks with 
boundary lying on P'^. For the Floer homology to be defined the number of such 
disks must be even. The next theorem, due to Cho, classifies all holomorphic disks 
with boundary lying on P*^. 
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Theorem 3.1 ( 3^ Theorem 10.1). Let w: {D'^,dD'^) (CP'',T'') be a holomor- 
phic map. Then w can be written as ^/{z) — [wq^z) : . . . ; Wfc(z)], where each Wi is 
a finite Blaschke product. That is, 

j=i *J 

with 6i e M, /ii G Z>o, Q-ij G Int(_D^), and n,*Lg ^j^i ctij = 0. Furthermore, the 
Maslov index of w is 

k 

Let M.i{T^ ,2) denote the moduh space of holomorphic disks w : {D^,dD^) 
{€,P^ ,T^) with Maslov index 2 and one marked point. An immediate consequence 
of Theorem 3.1 is that the evaluation map 

ev : 7Wl(^^2) T^ 

is a diffeomorphism. Therefore, 

#{ev-^{^P^ r\T^))^ #(MP'= n T^) 

and the number of Maslov index 2 disks is even if and only if k is odd. 

Theorem 3.1 allows us to determine all Floer trajectories as well. Let u be a 
trajectory, so u satisfies ([T|) with Lq = K-P*^, Li = T^ . Using the Schwarz reflection 
principle, u can be reflected about M.P^ to obtain a map 

m:Rx [-1,1] ^CP*-' 

with the properties 

• u|R X [0, 1] = u, 

• the energy of u is twice that of u, and 

• both the top and bottom boundaries of u lie on T^ . 

M X [0, 1] is conformally equivalent to Z)^ \ { — 1,1}, so the domain of u can be 
thought of as \ {—1, 1}. By the removable singularities theorem, u extends to 
a holomorphic map u : {D^,dD^) (CP'' ,T'^). The Maslov index of u (thinking 
of M as a disc) is twice that of u. Because u{M.) C M.P'^, Theorem 3.1 implies that 
ii is of the form 

jo jk 

(3) z [±1 [] c^oA^) : • ■ ■ : ±1 n 

with ji G Z>o, — m(")i and G Aut(D^ \ {—1, 1}). (This is straightforward 
to verify in case fi{u) = 1,2, which are the only cases we need.) 

Therefore, identifying M x [0,1] with D"^ \ {-1,1}, we have shown that every 
holomorphic strip is the top half of a holomorphic disk of the form ([3]). Note that 
under this identification of domains the R translation on R x [0, 1] corresponds to 
the action of Ant{D'^ \ {-1, 1}) = R on the top half of \ {-1, 1}. In particular 
we have proved: 

Proposition 3.2. Let p = [cq ■ ■ ■ ■ ■ Cfe] G MP'' n T*". There are exactly k + 1 
isolated holomorphic strips that start at p. They are the top halves of the disks 

Wo ■■ z ^ [-eoz : ei : ■ ■ ■ : ek], 
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Wfc : z i-> [eo : • • • : ek-i ■ -f-kz]- 

Proposition 3.3. Every holomorphic strip of Maslov index two is the upper half 
of a disk of the form 

z^[±l ■.■■■■.±Mz) : ••• :±0i(2) : ••• :±1], 

with (/'Oi'/'i G Aut(_D^ \{ — 1,1}). ((j)o{z) and (l)i{z) can both occur in the same 
homogeneous coordinate, in which case the coordinate is meant to be (j)Q{z)(f)i(z).) 

Using Propostion 3.2, we can now write down a formula for the boundary oper- 
ator d : CF{RP'',T'') CF{RP'' ,T''). The formula is 

k 

(4) d{[e„ : ■ ■ ■ : ek]) = Y.[eo : ■ ■ ■ : -e, : ■ ■ ■ : ek]. 

i=0 

For example, if fc = 3, the basis of CF{RP'^, T'^) is ordered as 

[1 : 1 : 1 : 1], [-1 : 1 : 1 : 1], [1 : -1 : 1 : 1], [1 : 1 : -1 : 1], [1 : 1 : 1 : -1], 

[-1:-1:1:1],[-1:1:-1:1], [-1:1:1:-!], 
and the elements of CF{M.P^,T^) are thought of as column vectors, then 



(5) 





' 


1 


1 


1 


1 








' 




1 














1 


1 


1 




1 














1 


1 


1 




1 














1 


1 


1 


1 














1 


1 


1 







1 


1 


1 


1 
















1 


1 


1 


1 
















1 


1 


1 


1 











Calculation of HF(RP 


2n- 


-\T 



We are now ready to prove Theorem 1.1. As mentioned before, RP^ and 
are Hamiltonian isotopic to each other in CP^, and it is known (see |14j) that 
HF{RP^,RP^) = (Za)^ The next case is dimension 3. 

Lemma 4.1. 

HF{RP^,T^) = (Za)"*. 

Proof. Z2 is a field, so 

dim(i7P) = dim(Kcr(a)) - dim(lm(a)) = dim(CP) - 2 dim(lm(a)). 
From (HI), we see that dim(Im(a)) = 2. Therefore, dim{HF) = 2^ - 4 = 4. □ 

We prove the general case using induction. Assume that 
i7P(Mp2"-i, r2«-i) ^ (Zz)^", 

and n > 2. We then need to prove the result for N ~ n + 1. Let CF{k) = 
CP(Rp2'=-i,r2fe-i)^ dk^d: CF{k) CF{k), aiidHF{k) = i/P(Mp2fc-i, T^'^-i). 
Every point of RP^*'"^ n T^^~^ can be written uniquely as 

[1 : ±1 : ±1 : • • • : ±1]. 
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Let (±1,±1, • • • ,±1) denote such a point. Then a basis for CF{k) is the set of all 
points { (±1, • • • , ±1) }; elements of CF{k) are formal sums of these points. 

If X e CF{n) then (1,1,2:), (—1,1,2:), etc. will be used to denote elements in 
CF{N). For example, if 

X = (-1,1,1) e CF{2) 

then 

(l,l,x) = (l, 1,-1, 1,1); 

if 

2:= (1,1,1) + (-1,-1,1) 

then 

(-1,1,2:) - (-1,1, 1,1,1) + (-1,1, -1,-1,1). 
Let -q = r]k,d — dk ■ CF{k) — > CF{k) be the maps 

?7(ei,- • • ,efc) = (-£!,■ • ■ ,-efc), 

k 

3(ei, • • • , efe) = ^(ei, • • • , -e^, • • • , e^). 

i=l 

From (g]) it follows that dk = dk + Vk- Let tt : CF{N) CF{n) be the map that 
removes the first two coordinates, that is 

71" : (ei, £2, £3, • • • , ejv) (ea, • • • , e^)- 

TT is clearly surjective. 
Lemma 4.2. 9„ o tt = tt o 9^. 

Proof. For 2; G CF{n), we calculate 

TT o (9Ar(ei, £2, 2;) = 7r((-ei, £2,2:) + (ei, -e2,.x) + (ei, £2, 9„2;) + (-ei, -£2, ?7n2;)) = 
2: + 2; + dnX + 77„2; = dnX + r7„2; = 9„2; — dn ° 7r(£i, £2,2;). 

□ 

It follows that Ker(aAr) C 7r-i(Ker(9„)). 
Lemma 4.3. Let x G 7r^^(Ker((9„)). T/ien 2: can fee written uniquely as 
(1, 1,?/) + (-1, -l,u) + (-1, l,v) + (1, -l,t.)+ 
(l,l,w) + (-l,l,u;)] +(1,1, i) 

wii/i u,v,w ^ CF(n), t G Ker(9„). Moreover, d^ix) — if and only if 

{dnV ^ w + t + rjw, 
dnU = w + r]t + 77W, 
a„w = 0. 

Proof. In ([S]), the term in brackets ranges over Ker(7r) as u, v, w range over C'F{n), 
and the final term maps (under tt) onto all of Ker(9„) as t ranges over Ker(9„). It 
follows that X G 7r~^(Ker((3„)) can be written in the form ([6]). The uniqueness of 
the expression follows from the fact that 

{ (l,l,u) + (-l,-l,u) I u G CF{n)}U{ (-l,l,w) + (1,-1,1;) | v G CF(n) }U 
{ (l,l,u;) + (-l,l,w) \weCFin)}U{ (1,1, t) | tGKer(a„)} 
is a linearly independent set. 



(6) 



FLOER HOMOLOGY OF (KP^"~\ T^""^) 



9 



If dN{x) — 0, then calculating On of the right-hand side of ([6]), and setting equal 
to zero the sum of the remaining entries of all terms that start with the same two 
entries, yields the equations 



(8) 



dw + w + dv + rjv + t = 0, 
rjw + w + rjv + dv + t = 0, 
w + dw + i]u + du + dt = 0, 
w + rjw + du + rju + rjt = 0. 



For example, after applying dN, the sum of the terms that start with (—1,1) is 
(after cancellation) 

(-1,1, 9w) + (-l,l,u;) + (-l,l,9w) + (-l,l,?7w) + (-l,l,t). 

Since this sum must be 0, it follows that 

dw + w + dv + nv + t = 0. 



The remaining equations come from examining the terms that start with (1, — 1), 
(1,1), and (-1,-1), respectively. 

Using the fact that d = d + rj and t e Ker(9), it is straightforward to check that 
([7]) is equivalent to ([5]). Indeed, labeling the equations in ([7]) as ([711), ^2), and 
(03) and the equations in (O as (01), (02), (03), and (04), we have 



' (01), (03) = 


» 01) 


01), 02) = 


» 02) 


(02) 


» 03) 


, 02), 03) = 


» 04) 


r 02) 


> 01) 


04) 


> 02) 


[ 03), (04) = 


> 03) 



and 



□ 

Let us denote x of the form (0) as x{u,v,w,t). Consider the map 

a : CF{n) ® CF{n) Ker(9„) Ker(9„) Im(a„) ® Ker(a„), 

(u, V, w, t) I— > (Qyyu + dv, drju + w + t + rjw). 
Taking u = w = shows that a is onto. 

Lemma 4.4. 

Ker(a) — { (u,w,w,t) | u,v,w,t satisfy (0)}. 

Proof. Since w is in the domain of a, we have dw ~ 0. Furthermore, a(u, v, w,t) = 
if and only if 

drju + dv ^ 0, 
drju + ui + t + rjw = 0. 

Since drj = rjd and r?^ = Jd, the second equation is equivalent to du = w + rit + rjw. 

rjdu = w + t + rjw. These are precisely the 

□ 



The first equation then becomes dv 
equations given in 0. 
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It follows that there is a bijection between Ker(Q;) and Ker(c)Ar). The bijection 
is the obvious one: (u, v, w, t) i— > x(u, v, w, t). 

We now complete the proof. Because a is onto, we have 

dim(Ker(a)) = 2dini(CF(n)) + 2 dim(Ker(a„)) - dim(Im(a„)) ~ dim(Ker(a„)) 

= 2dim(CF(n)) +dim(i/F(n)) = i dim(CF(iV)) + dim(iJF(n)). 
Because Ker(Q!) and Ker(9Ar) have the same cardinality, we have 

dim(Ker(aAr)) = ^ dim{CF{N)) + dim{HF{n)). 

It follows that 

dim{HF{N)) = 2dim{HF{n)) = 2 • 2" = 2^. 
This completes the proof of Theorem 1.1. 

5. Verification of Regularity 

In this section we prove items 2, 3, and 4 from the end of Section 2. We start 
with 3: 

Lemma 5.1. Let w : {D'^,dD'^) (CP",r") be a holomorphic disc with Maslov 
index 2. Then D^d is surjective. 

Proof. This is proved in [3j Theorem 10.2 and [J Theorem 6.1. The idea is that 
d splits as a direct sum of one-dimensional operators with non-negative Maslov 
index. Such one-dimensional operators are surjective; see for example |12j Theorem 
C.1.10. □ 

Recall that A4i{D^, 2) denotes the moduli space of the discs in Lemma 5.1 with 
one marked point. Lemma 5.1 implies that A^i(Z?^,2) is a smooth manifold, and 
the discussion following Theorem 3.1 then shows that 

ev : Mi{D^,2) T" 

is a diffeomorphism. This proves item 2. 

Finally we prove item 4. The idea is similar to Lemma 5.1: The linearized 
operator splits as a direct sum of 1-dimensional operators with nonnegative Maslov 
index, and these are always surjective. We first prove this last statement. 

Lemma 5.2. Let 

B : Wl-P{R X [0,1], C) ^ LP{n"'\R x [0,1]) (»C)) 

be the standard Cauchy-Riemann operator. Suppose A : M x {0, 1} A(C") has 
nonnegative Maslov index, and A(±oo, 0) = M, A(±oo, 1) = i • M. Then d is surjec- 
tive. 

Proof. Let ^ > be the Maslov index. Suppose rj e LP{R x [0, 1],C) is in the L^ 
orthogonal complement of the image of d. Then a straightforward integration by 
parts argument shows that drj = and rj satisfies the same boundary conditions A. 
Using the Schwarz reflection principle, define fj -.Wx [— 1, 1] ^ C that satisfies 

• ii\R X [0, 1] = 77, 

• the ly^'^ norm of ij is twice that of 77, and 

• 7?(s, 1) e A(s, 1), 77(5, -1) e A(s,l). 
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R X [—1,1] is conformally equivalent to \ { — 1, 1} so the domain of fj can be 
viewed as \ {—1,1}. The Lagrangian boundary condition on the strip extends 
continuously to a Lagrangian boundary condition on all of dD^. Moreover, it has 
Maslov index 2/i. Therefore, fj extends smoothly to all of by the removable 
singularities theorem. Again using integration by parts, fj can be viewed as an 
element in the kernel of the adjoint of a Riemann-Hilbert problem on the disc with 
Maslov index 2/i — 1 > — 1 (see for example [16] formula (5.8)). But the cokernel 
of such a Riemann-Hilbert problem is 0, hence 77 = and thus rj = 0. This shows 
that d is surjective. □ 

Lemma 5.3. Let u be a holomorphic strip with ij.{u) = \ or 2. Then D^d is 
surjective. 

Proof. Consider first the case fi{u) — 1. Using Proposition 3.2, we can choose 
coordinates so that u is the upper half of the disc 

{D'^,dD^) ^ (CP", T"), z (z, 1, • • • , 1). 

The linearization Dud splits as a direct sum 

Dud = 9i ® 9o ® • ■ ■ ® 9o 

where 

Bi : T4^{f (R X [0,1], C) ^ W^-^^p{R x [0,1], C). 
The Xi subscript denotes a Lagrangian boundary condition with Maslov index i. 
By the previous lemma, each di is surjective, and thus D^d is surjective. 

The case where /i(u) = 2 is similar. The difference is that the linearized operator 
splits as 

or 

82® Bo® do. 

B2 denotes the operator with boundary conditions of Maslov index 2. Again the 
previous lemma then implies that D^d is surjective. □ 

6. NoviKOv Ring Coefficients 

In this section we compute the Floer homology with coefficients in the universal 
Novikov ring. The universal Novikov ring is 

Az. = { h\n)T^e^ I h^n) e Z2 and VC G R, #{ ^ | A < C } < 00 

(A,n)GRxZ 

See [TU] Section 20 for more details. The result is 
Theorem 6.1. 

i/F(Rp2"-\T2"-i : AzJ = (AzJ^". 

We first explain what is meant by homology with coefficients in A^a- We start 
with the following definition, taken from [19 . 

Definition 6.2. A graded filtered Floer- Novikov complex c consists of the following 
data: 

(1) A principal T-bundle P — > S", where S is a finite set and T is a finitely 
generated abelian group. 
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(2) An action functional A : P and a period homomorphism : F ^ M 
satisfying A{g ■ p) = A(jp) - w(fl')- 

(3) A grading gr : P ^ Z and a degree homomorphism d : T ^ Z satisfying 
gr{g-p) = gr{p) +d{g). 

(4) A map n' : P x P ^ R (R is a commutative ring) satisfying the following 
conditions: 

(a) n'{p,p') — unless A{p) > A{p') and gr{p') = gr{p) — 1, 

(b) n'{g-p,g-p') = n'{p,p'), 

(c) for each p £ P, the formal sum 

d'p= ^n'{p,q)q 

belongs to the Floer chain complex 
C^c) = {Y,agq\ag G R,#{q\aq 0, A{q) > C } < ooV C e R}, 

(d) and with the Novikov ring of T defined by 

AT,u> = {Y,bgg\bg€R, #{g\bg^O,ij{g)<C}<ooyC€R}, 
ger 

we require that C, inherits the structure of a Ar.u-module, the operator 
d' : P ^ C^: extends to a Ar^u; -module homomorphism (9' : C* ^ C*, 
and it satisfies d'^ = 0. 

(The notation n' and d' is used because we will need to refer to n and d as 
defined in Section 2.) 

We will construct a chain complex CF{M.P'',T'' : Ar,ui) (for k = 2n - I) that 
plays the role of C*(c) in the definition. Then HF{M.P'',T'' : Ar,u,) is defined 
to be the homology of C*(c) = CF{RP'^,T^ : Ar,a;)- There is a homomorphism 
Ar,w given by 

Y^bgg^Y.^gT-^'^e''^^y^ 
ger ger 

Using this homomorphism we can define a Az^ chain complex 

a' 1 : C*(c) 0Ar,„ Az2 ^ C*(0 ®Ar,„ Az^- 

By definition, HF(RP'^ : Az^) is the homology of this complex. To compute 
it we will first calculate HF{M.P^ ,T^' : Ar.u) and then use the fact that Ar,^; is a 
field to conclude that HF{RP^,T^ : A^J = HF{RP'',T'' : Ar,uj) <»Ar.^ Az^. 

We turn to constructing CF{RP'',T'' : Ar,c^). Let go = [1 : • • • : 1] e M.P'' D T^. 
We can also think of go as the constant path go : [0, 1] CP'', qoit) = go for all 
t. Likewise, any point of MP*^ fl T'' can be thought of as a constant path. In the 
following, it should be clear from context when we are taking this point of view. 
Let 

17 = { 7 ; [0, 1] ^ CP'' I 7(0) e MP^ 7(1) e T*^ }, 

and let f2(go) be the path component of ^l containing the constant path go. Any 
[u] e 7ri(0(p)) is a map u : x [0, 1] — > CP'' (well-defined up to homotopy). Let 

7^ :7ri(Q(go))^R 
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be the homomorphism given by /[^([u]) = Ju*uj. Notice that u defines a bundle 
pair 

(^t*TCP^ {u\S^ X {0})*rEP'= U {u\S^ x {1})*TT'=) 
over the cyhnder x [0, 1]. Define another homomorphism 

by letting /^([u]) be the Maslov index of this bundle pair. 

Since N — Ker(/^) n Ker(/c^) is a normal subgroup of ni{Q{qo)), it defines a 
normal cover Q of fllqa). Explicitly, points of O are equivalence classes of pairs 
(7, u), where 7 e i^{qo) and m is a path from qg to 7. [7, u] = [7', u'] if and only if 
7 = 7', /^(u) = Itj.{u'), and /^^(li) = Iui{u')- The automorphism group of the cover 
is 7ri(ri((7o))/^- Let F be this group. 

Lemma 6.3. T is isomorphic to Z. 

Proof. By construction, F is isomorphic to 7ri(ri((7o))/Ker(/^)nKer(7;^). The latter 
group is isomorphic to Im(/^) Im(/j^) C Z ® E. MP'" and P'" are both monotone 
and 7ri(]RP'") is torsion, so Proposition 2.7 in [13j implies that there exists a constant 
c > such that I^^ = clf,. Thus Im(/^) © Im(/„) is isomorphic to Z. □ 

MP'" and T'" are both orientable (because k is odd), so the image of is con- 
tained in 2Z. Moreover, if uq denotes the unique holomorphic strip of Maslov index 
1 from 5o to [— 1 : 1 : • • • : 1] , and u'q denotes the unique holomorphic strip of Maslov 
index 1 from [— 1 : 1 : • • • : 1] to goi then /^(uo#Wq) = 2. Thus the image of © 
is generated by (2, 2c), where c is the energy of uq (which is the same as the energy 
of any strip with Maslov index 1). We denote the preimage of this element in F as 
e, and we use multiplicative notation to describe F. That is, 

F = { e^' I j e Z}, ■ e' = eJ+' . 

We take the degree and period homomorphisms to be 

uj{e^)^ 2jc, 

d{e') = -2j. 

Let 

P = { [7, u] e 11 I 7 is a constant path } 

and 

s = MP*" n t''. 

There is an obvious projection P ^ S that makes P a principal F-bundle. We let 
A be the action functional 

A: P ^R, [-1,u]^ ~ j u*uj. 

Next we define the grading gr : P Z. li [q,u] G P, then u is a map u : 
[0,1] X [0,1] ^ CP", with ii(-,l) e T", u(-,0) e MP", u{0,t) = go, and u{l,t) ^ q. 
Extend the domain of u to M x [0,1], by keeping the value of u fixed on each 
component in the complement of (0, 1) x [0, 1]. Then we define 

gr{[q,u]) ^ -n{u). 

For example, if u is homotopic to an isolated Floer trajectory connecting go to g, 
then gr{[q, u]) ~ —1. 
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Finally, we take i? = Z2 and define n' : P x P ^ Z2 by letting n'{[qi,u], [52, u']) 
be the number mod-2 of holomorphic strips w of Maslov index 1 that start at qi , 
end at q2, and are in the homotopy class of u~^=f^u' (that is, as paths in Q{qo), 
u#w and u' are homotopic). 

The Novikov ring Ar,a; from Definition 6.2 can now be described as 

Ar,u = I ^ afcc*' I a/fc e Z2, there exists fco such that afe = for all A; < fco |. 

feez 

Note that A^.u is actually a field. 

We now calculate the homology. In order to describe the matrix for d' we need 
to first choose an ordered basis for CF{RP^, T'' : Ar,^). We do this as follows: For 
eachg G M.P'TiT'', let Uq be any holomorphic strip from qg to q. Such a holomorphic 
strip exists by the results of Section 3, but of course it does not necessarily have to 
be isolated. Recall that c is the energy of an isolated strip (that is, a strip of Maslov 
index 1). If the number of I's in the homogeneous coordinates of q is even then the 
energy of Uq is 2jc for some j. Let Vq = e"^ • [q, Uq] G P. Then by construction we 
have A{vq) = and gr{vq) = d{e~^) + gr{[q,Uq\) = 2j — 2j = 0. If the number of 
I's is odd then the energy is (2j + l)c. Let Vq = ■ [q,Uq\ e P in this case, and 
then we have A{vq) = —c and gr{vq) = —1. Thus 

( \ — j ^ 1 '^'^'^ number of I's 

^ ^ \ — 1 q has an even number of I's, 

and {vq\qG MP*' n T*' } is a basis for CP(MP*', T'= : Ar.o;) over Ar.o;. Order this 
basis in any way with first and denote it as (vq^ ,Vq-^,--- , Vq^^, ). Let u'q^ be such 
that Vq. = [qi, u'q.]. d' can now be described by a matrix with respect to this basis. 

To calculate the dimension of the image of d' we compare the matrix to the 
matrix for d. The ordered basis of CP(MP'=, P'^ : Ar,„) that we constructed induces 
an ordered basis of CP(RP'=,r'=) in an obvious way (they both have bases in 
bijective correspondence to MP*' fl r*'). We think of d as being a matrix with 
respect to this basis. 

Lemma 6.4. The columns of d corresponding to the Vq 's with q having an even 
number of 1 's in the homogeneous coordinates agree with the corresponding columns 
in d' . The remaining columns of d' are e times the corresponding columns in d. 

Proof. Consider the first statement. Let qi be a point of MP*' n T*' with an even 
number of homogeneous coordinates equal to 1, so gr{vq-) = 0. If qj is a point 
with an isolated Floer trajectory from qi to qj, then the number of homogeneous 
coordinates of qj equal to 1 must be odd. Therefore gr{vq-) = —1. Let Uij denote 
the unique isolated Floer trajectory from q^ to qj . Then 

9i'{[qi,u'q.#Uij]) = - 1 = gr{[qj,u'q^]) 

and 

A{[q,,u'q^#u,,]) = - c = A{[qj,u'^;\). 

Therefore [g^, = [qj,u'q^\. Moreover, by the grading of fg. and Vq., any 

holomorphic strip u from qi to qj that satisfies = [qj^u'q.] must have 

Maslov index 1, and hence by the uniqueness of Uij it follows that u = Uij. Thus 

n'{Vq,,Vqj) =n{qi,qj) = 1. 
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If Qj is a point with no isolated Floer trajectories from qt to qj then, by definition, 
n'{vq-, Vq.) = = n{qi,qj). Therefore we have 



n'{Vq^,Vq,,) 




n{q,,qQ) 


n''{Vq,,Vq^J _ 




n{qi,q2n) 



That is, the column of d' corresponding to Ug. is the same as the column of d 
corresponding to qi. 

Now consider the second statement. Let qi be a point of with an odd number 
of homogeneous coordinates equal to 1, so gr{vq.) = — 1. If is a point with an 
isolated Floer trajectory from qi to qj, then the number of homogeneous coordinates 
of qj equal to 1 must be even. Therefore grivq-) = 0, and hence gr{e ■ Vq.) = —2. 
Let Uij denote the unique isolated Floer trajectory from qi to qj. Reasoning the 
same way as above, we have = e • [qj,u'^.] and thus n'{vq^,Vq.) — e. 

Points qj with no connecting isolated Floer trajectory have n'{vq.,Vq^) — 0. Thus 
the column for d' is e times the column for d. □ 

Corollary 6.5. 

HF(Rp2"-i,T2"-i : Ar,^) - (Ar,^)'". 

Proof. Ar.uj is a field and includes Z2 = Z2 • e° C Ar,cj as a subfield. Therefore the 
previous lemma implies that there is an invertible diagonal matrix M such that, 
under the identification 

CF(MP",T") Ar,^ = CF(MP",r" : Ar,c.) 

given by the chosen basis, we have d (8) I = M o d' . The dimension of the image of 
M o 9' is the same as d' because M is invertible. The dimension of the image of 
901 over Ar.uj is the same as the dimension of the image of d over Z2. The result 
now follows from Theorem 1.1. □ 

Recall that i/F(]Rp2n-i^ y2„-i . defined to be the homology of the 

complex 

d' ®1: C*(c) ®Ar,^ Az2 C*(c) 0Ar_^ Az^ 
with C*(c) ^ CF(]RP2"-1^ r2«-i . j^^^^y Therefore the previous corollary and the 
fact that A-p^uj is a field implies that 

HP(KP2"-1,T2"-1 : AzJ = (AzJ'", 

and Theorem 6.1 is proved. 

7. Volume Minimization of r2n-i 

In this section we briefly discuss the problem of minimizing the volume of (t>{T^) 
for (f) a Hamiltonian diffeomorphism. In [15j it is proved that T*' is locally volume 
minimizing, that is it has minimal volume among all small Hamiltonian deforma- 
tions. However, it is unknown if it is globally volume minimizing. 

One approach to gain information about this problem is to use the following 
Crofton type formula. 
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Theorem 7.1 Proposition 2.10). Let L he a Lagrangian submanifold in CP''. 
Then 

vol{L)^Ck I #{Lng-RP'')dg, 

Ju{k+l)/0{k+l) 

where Ck is a constant that does not depend upon L. 

Generically g ■ M.P'^ and MP*"' intersect in fc + 1 points. Therefore the theorem 
imphes that for any Lagrangian L we have 

vol(L) ^ niing#(L n g ■ RP'') 



vo^MF*^) - k + 1 

Theorem 1.2 imphes that #(0(r2"-i) n g ■ RP^"-!) > 2", and therefore 

vo1((?!)(T2"-1) ^ 2" 



This proves CoroUary 1.3 

We want to compare this estimate to the volumes of MP^"^^ and T^"^^. 
acts on the unit sphere S*^"^^ C C^" and 

The symplectic form on CP^"^^ is the one obtained by symplectic reduction from 
the standard symplectic form on C^". Moreover, the projection 5"*"-! ^ CP^"~^ 
is an isometric submersion, that is it is an isometry on the orthogonal complement 
of the kernel of TS^"'^ -> TCP^""!. Using this fact, it follows that the volume of 
j2n-i jg volume of the unit sphere S*^"^^. Thus 



vol(MP 



(n- I)!' 



Moreover, the Chfford torus is the quotient of the torus (S'^(l/\/2n))2" C S*^" ^ 
by S\ Thus 

/ \ 2" 

vo1(T2"-1) 1 ' 2^ 



2tt y V2^ J 

Therefore 

vol(r^""i) _ (27r)"-i(n- 1)! 
vol(RP2»-i) ~ ■ 

For n = 1, 2 we thus get: 

1) ~ ' vol(KPi) - 



vol(Kpa) ~ 2 ~ ' vol(Rpa) - 

We recover the well-known fact that 5'"'^ is volume minimizing in CP^, but for higher 
dimensions the comparison leaves the problem unanswered. 
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